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In this paper we suggest an analytic model, and derive simple formulas, for the beam dynamics in
a wakefield structure of arbitrary cross-section. The results could be applied to estimate an upper
limit of the projected beam size in devices such as the dechirper and the wakefield streaking device.
The suggested formalism is also applicable to the case when slices of the beam are distributed along
an arbitrary line in 3D.
I. INTRODUCTION
The effects of beam instabilities, or beam breakup
(BBU), resulting from parasitic wakefields, considerably
limits the intensity of the beam that can be transported
through accelerator structures. BBU simulations are a
key element in the design and development of accelera-
tor components. The most accurate and up-to-date ap-
proach to calculating BBU effects is the use of direct par-
ticle tracking, however this method often requires sub-
stantial computational resources. Thus, there is a de-
mand for beam dynamics tools that provide quick esti-
mates to crosscheck complex simulation results. Ana-
lytic models for BBU analysis were initially developed in
Refs.[1–3], further refined in Ref.[4], and the most com-
plete, recent solution was derived by Delayen in a series
of publications Refs.[5–7].
Contemporaneously, a new theoretical model that can
be used for obtaining direct analytic formulas for the
transverse wakefields was developed in Ref.[8]. In this
approach, an upper limit for the transverse and longi-
tudinal wake forces in a beam pipe of arbitrary cross-
section was derived. In this paper, starting from a sim-
ple form of the upper limit for the wake force derived in
Ref.[8], we propose an approximate equation of motion,
and derive the solution for the transverse dynamics of a
pencil-like beam (beam transverse size much smaller then
the aperture). In contrast to Ref.[5], we consider a sim-
plified expression for the transverse wakefield and show
that in our case, the solution is generalized to a beam
distributed along a line in 3D. In the special case when
all beam slices have the same initial displacement along
the central axis, and the beam is not twisted, our results
are in complete agreement with Ref.[5]. We also provide
a general expression for the instability growth length (see
Ref.[9] for details). As an illustrative example, we apply
the developed formalism to study the beam dynamics in
a cylindrical structure.
The results presented are general and applicable to
practical accelerator components, for example, to the es-
timation of the upper limit of the projected beam size in
devices such as the dechirper [10–12] and the wakefield
streaking device [13].
∗ s.s.baturin@gmail.com
II. MODEL DESCRIPTION
We consider an electron beam traveling close to the
speed of light along the axis of the wakefield structure
(Fig.1) with an initial displacement off the center of the
structure.
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Figure 1. Schematic diagram of the transverse motion of ultra
relativistic particle beam.
We introduce the complex transverse velocity, momen-
tum and force as (consistent with the notation of the
Ref.[8]),
V⊥ = Vx + iVy,
p⊥ = px + ipy, (1)
F⊥ = Fx + iFy.
The trasnverse equation of motion is written as
∂γmeV⊥
∂t
= F⊥, (2)
where γ is the relativistic gamma factor and me is the
electron rest mass. The beam is assumed to be ultra-
relativistic Vz ≈ c and consequently z ≈ ct, hence
∂p⊥
∂t
≈ c∂p⊥
∂z
. (3)
For relativistic momentum p⊥ = γmeV⊥, we have
∂γ
∂z
V⊥ + γ
∂V⊥
∂z
=
F⊥
mec
. (4)
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Figure 2. Schematic diagram of the conformal mapping.
For the case when the energy loss is small compared to
the device length, dγ/dz ≈ 0 we have
∂2ω
∂z2
=
F⊥
γmec2
. (5)
Here ω = x + iy is the complex vector of the transverse
positions. The transverse Lorentz force acting on the
beam is usually cast in a framework of the transverse
wakefield. The Lorentz force from a distributed charge
is a convolution of the transverse wakefield of a point
particle G⊥, with the particle distribution, [14, 15]
F⊥(ω, ζ) =
∫
G⊥[ω, ω0, ζ, ζ0]ρ(x0, y0, ζ0)dx0dy0dζ0.
(6)
We consider a model of a pencil like bunch [14] as-
suming that transverse size of the bunch is much smaller
than the vacuum chamber aperture size. In this case,
the transverse motion of different longitudinal slices of
the bunch (slices by ζ coordinate, see Fig.1) is defined
by the motion of the center of mass of the slice. So we
do not account for the effects of the slice shape modifi-
cation, treating each slice as a point particle. Then we
approximate the particle density distribution ρ(x, y, ζ) as
ρ(x, y, ζ) = δ[x(ζ)]δ[y(ζ)]ρl(ζ). (7)
Here ρl(ζ) is the longitudinal charge distribution and δ
is the Dirac delta function. Substitution of Eq.(7) into
Eq.(6) gives
F⊥(ω(ζ), ζ) =
∫
G⊥[ω(ζ), ω0(ζ0), ζ, ζ0]ρl(ζ0)dζ0. (8)
It was shown in Ref.[8] (see Section 3 and Appendix B
of the Ref.[8] for the details) that the upper limit of the
Green’s function G⊥ for an arbitrary cross section of lon-
gitudinally homogenous vacuum channel could be writ-
ten in terms of a conformal mapping function f(ω, ω0)
that maps the cross sectional area onto a unit disk (see
Fig.2). Here ω = x + iy is the position of the point
test particle and ω0 = x0 + iy0 is the position of the
point source particle. Mapping is arranged in such a way
that ω0 corresponds to the center of the unit disk. The
corresponding expression in complex notation could be
written according to Ref.[8] as
G⊥(ω, ω0, ζ, ζ0) ≤ (9)
4eQθ(ζ − ζ0)
a2
(ζ − ζ0)f ′′(ω, ω0)∗f ′(ω0, ω0).
Here Q is the total charge of the bunch, e is the electron
charge, and a is the characteristic size of the aperture.
The force is given in CGS units.
For small displacements δω and δω0 from the initial
position ω0 and point ω we may linearize right hand side
of the Eq.(9) as
G⊥(ω, ω0, ζ, ζ0) . (10)
(ζ − ζ0)θ(ζ − ζ0)
[
A˜+ B˜δω0(ζ0) + C˜δω(ζ)
∗
]
,
with
A˜ =
4eQ
a2
f ′′(ω0, ω0)∗f ′(ω0, ω0),
B˜ =
4eQ
a2
∂f ′′(ω, ω0)∗f ′(ω0, ω0)
∂ω0
∣∣∣∣
ω=ω0
, (11)
C˜ =
4eQ
a2
∂f ′′(ω, ω0)∗f ′(ω0, ω0)
∂ω∗
∣∣∣∣
ω∗=ω∗0
.
Consequently for the case of δω = δω0 = ω¯ when trans-
verse force is taken at the bunch position we have:
G⊥(ζ, ζ0) . (ζ − ζ0)θ(ζ − ζ0)
[
A˜+ B˜ω¯(ζ0) + C˜ω¯(ζ)
∗
]
.
(12)
We the substitute Eq.(12) into Eq.(5), and with Eqs.(8)
we arrive at
∂2ω¯(ζ, z)
∂z2
= [A+ Cω¯(ζ, z)∗]
∫ ζ
0
ρl(ζ0)(ζ − ζ0)dζ0+
B
∫ ζ
0
ω¯(ζ0, z)ρl(ζ0)(ζ − ζ0)dζ0. (13)
For convenience we introduce A = A˜γ0mec2 , B =
B˜
γ0mec2
and C = C˜γ0mec2 .
By comparing Eq.(13) with the commonly used equa-
tion of the 1D transverse motion (see for example
Ref.[14]) we observe that the introduced constants
A,B,C are directly related to the monopole, dipole and
quadrupole wakefield amplitude respectively. It should
be noted that the monopole amplitude, A, may appear
3due to the intentionally large initial displacement from
the axis of symmetry of the waveguide or due to a gen-
eral fundamental asymmetry of the waveguide.
Eq.(13) is the central equation of the suggested model.
This equation, and the coefficients in this equation, are
valid for arbitrary waveguide of arbitrary material. The
complex function ω that yields the solution to this equa-
tion is essentially an upper bound for any real trajectory.
The real trajectory will be bounded by the limiting tra-
jectory as |ωrl| ≤ |ω|.
III. ANALYTIC SOLUTION TO THE
DYNAMICS PROBLEM
Brief analysis of Eq.(13) suggests that a closed form an-
alytic solution to Eq.(13) probably does not exist. How-
ever, for special cases when the dipole wakefield domi-
nates, the quadrupole wakefield |B˜| >> |C˜| and charge
distribution is uniform ρl(ζ) = 1/l , ζ ∈ [0, l] a simple
closed from solution could be found.
Under these assumptions, according to Eq.(5), Eq.(8)
and Eq.(12), the equation of motion is reduced to:
∂2ω¯(ζ, z)
∂z2
=
Aζ2
2l
+
B
l
∫ ζ
0
ω¯(ζ0, z)(ζ − ζ0)dζ0. (14)
with initial conditions:
ω¯(ζ, 0) = l0(ζ),
∂ω¯(ζ, 0)
∂z
= v0(ζ). (15)
We define forward and inverse Laplace transformations
as [16]
L [f(ζ)] =
∞∫
0
f(ζ)e−pζdζ (16)
and
L −1[F (p)] =
1
2pii
lim
R→∞
∫ κ+iR
κ−iR
eζp F (p) dp, (17)
where κ is a real number such that the line p = κ in the
complex plane avoids singularities of F (p). We perform
Laplace transformation by ζ on both sides of Eq.(14).
On the left hand side we have:
L
[
∂2ω¯(ζ, z)
∂z2
]
=
∂2
∂z2
L [ω¯(ζ, z)] . (18)
We define Ω(p, z) as
Ω(p, z) := L [ω¯(ζ, z)] . (19)
Hence, we have
∂2Ω(p, z)
∂z2
= L
Aζ2
2l
+
B
l
ζ∫
0
ω¯(ζ0, z)(ζ − ζ0) dζ0
 .
(20)
Using the convolution-multiplication theorem for the
Laplace transformation [16]:
L
 ζ∫
0
g(ζ)f(ζ − t)dt
 = L [g(ζ)]L [f(ζ)], (21)
we rewrite the integral on the right side of Eq.(14) in a
Laplace image as
∂2Ω(p, z)
∂z2
=
A
lp3
+
B
lp2
Ω(p, z) (22)
with the Laplace image of the integral kernel L [ζ] given
by
L [s] = −1
p
ζe−pζ
∣∣∣∣∞
0
+
∫ ∞
0
e−pζ
p
dζ =
1
p2
. (23)
General and partial solutions to the Eq.(22) are
Ωg(p, z) = f1(p) e
√
Az
p + f2(p) e
−
√
Az
p , (24)
Ωpt(p, z) = − A
Bp
, (25)
where f1 and f2 are functions of p. We define the Laplace
image for the initial conditions (15) as:
L0(p) = L [l0(ζ)] (26)
and
V0(p) = L [v0(ζ)] . (27)
Therefore, the solution in the Laplace image is given by
Ω(p, z) = − A
Bp
+
(
A
B
+ pL0(p)
) cosh(√Bz√
lp
)
p
+
pV0(p)
√
l√
B
sinh
(√
Bz√
lp
)
. (28)
Now, we introduce the following notation to isolate the
functions,
4gl(ζ, z) = L
−1
cosh
(√
Bz√
lp
)
p
 (29)
and
gv(ζ, z) = L
−1
[
sinh
(√
Bz√
lp
)]
. (30)
Next, we focus on computing the functions gl(ζ, z) and
gv(ζ, z). We note that
1
p cosh
(√
Bz√
lp
)
has an essential
singularity at p = 0. We use the fact that cosh(x) is
an order one entire function. As a consequence it could
be represented by its Taylor series everywhere, including
in small vicinity of the point x = ∞, thus we use the
identity
cosh
(√
Bz√
lp
)
p
=
1
p
∞∑
n=0
1
(2n)!
[√
B/lz
p
]2n
. (31)
Using the definition of the inverse Laplace transformation
Eq.(17) we write for gl(ζ, z):
gl(ζ, z) = (32)
1
2pii
lim
R→∞
κ+iR∫
κ−iR
eζp
∞∑
n=0
1
(2n)!
[√
B/lz
p
]2n
dp
p
.
As far as the Taylor series converges uniformly, we can
interchange the sum and integral and arrive at
gl(ζ, z) = (33)
1
2pii
∞∑
n=0
1
(2n)!
lim
R→∞
κ+iR∫
κ−iR
eζp
[√
B/lz
p
]2n
dp
p
.
Now, we focus on the evaluation of the integral
I1 = lim
R→∞
κ+iR∫
κ−iR
eζp
[√
B/lz
p
]2n
dp
p
. (34)
We chose the integration path as shown on Fig.III. Ac-
cording to Jordan’s lemma [16], we write the γ1 part of
the contour as
∣∣∣∣∣∣
∫
γ1
eζp
[√
B/lz
p
]2n
dp
p
∣∣∣∣∣∣ ≤ |B|
npi
ln
z2n
R2n
, (35)
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Figure 3. Contour integral path for computing the inverse
Laplace transform.
and for the integral along the γ2 and γ3 paths
∣∣∣∣∣∣∣
∫
γ2,3
eζp
[√
B/lz
p
]2n
dp
p
∣∣∣∣∣∣∣ ≤ κeκζ
|B|nz2n
lnR2n+1
. (36)
From Eq.(35) and Eq.(36) in the limit of R→∞ we see
that paths γ1, γ2 and γ3 do not contribute to the integral.
With this one may write
I1 =
∮
γ
eζp
[√
B/lz
p
]2n
dp
p
. (37)
with γ = γ1 ∪ γ2 ∪ γ3 ∪ γ4.
We notice that integrand has a pole of the 2n+1 order
at the point p = 0. Hence, by the residue theorem (see
for example [16, 17]), we have
I1 = 2pii
(B/l)nz2n
(2n)!
lim
p→0
d2neζp
dp2n
. (38)
We combine Eq.(33) with Eq.(38) and arrive at
gl(ζ, z) =
∞∑
n=0
(B/l)n(ζz)2n
(2n)!(2n)!
. (39)
Following the same steps as above one may arrive at
an equation for gv(ζ, z) in the form
gv(ζ, z) =
∞∑
n=0
(B/l)n+1/2z(ζz)2n
(2n+ 1)!(2n)!
. (40)
The series expansions presented above could be expressed
in terms of modified Bessel functions I0(x), I1(x) and
Bessel functions J0(x), J1(x).
5Considering a Taylor series (see for example [16]) for
I0(x), I1(x)
I0(x) =
∞∑
n=0
(x/2)2n
(n!)2
, (41)
I1(x) =
∞∑
n=0
(x/2)2n+1
n!(n+ 1)!
,
and for J0(x), J1(x)
J0(x) =
∞∑
n=0
(−1)n (x/2)
2n
(n!)2
, (42)
J1(x) =
∞∑
n=0
(−1)n (x/2)
2n+1
n!(n+ 1)!
.
As far as these series have infinite radius of convergence,
the series representation is exact for any x. Substituting
x = 2(B/l)1/4
√
ζz, and combining Eq.(41) and Eq.(42)
while taking into account Eq.(39) and Eq.(40), we finally
arrive at
gl(ζ, z) =
1
2
[
I0(2
4
√
B/l
√
ζz) + J0(2
4
√
B/l
√
ζz)
]
, (43)
gv(ζ, z) =
4
√
B/l
√
z
2
√
ζ
[
I1(2
4
√
B/l
√
ζz) + J1(2
4
√
B/l
√
ζz)
]
.
We notice that
L −1[pL [f(ζ)]] = f ′(ζ) + f(0), (44)
where prime denotes total derivative by ζ.
Applying an inverse Laplace transformation to Eq.(28)
and using the first multiplication theorem [16] for Laplace
transformations with Eq.(44), Eq.(26) and Eq.(27) we
arrive at
ω¯(ζ, z) = −A
B
+
(
l0(0) +
A
B
)
gl(ζ, z) + v0(0)gv(ζ, z)+
ζ∫
0
l′0(ζ − ζ0)gl(ζ0, z)dζ0 +
ζ∫
0
v′0(ζ − ζ0)gv(ζ0, z)dζ0√
B/l
.
(45)
Equation (45) gives the solution to Eq.(14) with ini-
tial conditions of Eq.(15). Eq.(45) gives a solution to
a 2D problem. Motion along each individual coordi-
nate could be derived from Eq.(45) by taking the real
or imaginary part in Eq.(45): x(ζ, z) = <[ω(ζ, z)] and
y(ζ, z) = =[ω(ζ, z)]. For the 1D case (setting constant B
to be a pure real number and the constant A = 0), and
assuming that the initial conditions do not depend on ζ,
the formula above gives exactly the same result as that
derived earlier by Delayen in [5] using different methods.
IV. CONCLUSION
We have rigorously derived an analytic formula for the
evolution of a bunch that is distributed along a line in
3D. The developed formalism and model in this paper are
complimentary to the previous results of Ref.[5]. We have
arrived at the same conclusion using a different method
and demonstrated that this formula is extendable to the
3D case.
The final result of Eq. (45) is useful to estimate the
upper limit of the bunch deformation, and applicable to
structures of arbitrary cross-section. As a consequence of
the theory developed in Ref.[8], this formula is also valid
for arbitrary material in a slow-wave structure (dielectric,
corrugation, linear plasma).
This study serves as a first step to a more general
analysis that could be performed by detailed examina-
tion of Eq.(13). In the current study, we neglected the
”quadruple” component of the transverse force (C = 0 in
Eq.(13)). The natural next step is the consideration of
the omitted term in the equation of transverse motion, to
analyze different possibilities of instability suppression–
for example, by exploring possible beam self-damping us-
ing the BNS condition [14].
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